ABSTRACT: We perform a complete analytical reduction of general one-loop Feynman integrals with five and six external legs for tensors up to rank R = 3 and 4, respectively. An elegant formalism with extensive use of signed minors is developed for the cancellation of inverse Gram determinants. The 6-point tensor functions of rank R are expressed in terms of 5-point tensor functions of rank R − 1, and the latter are reduced to scalar four-, three-, and two-point functions. The resulting compact formulae allow both for a study of analytical properties and for efficient numerical programming. They are implemented in Fortran and Mathematica.
Introduction
At the proton-proton collider LHC and the planned e + e − collider ILC, a large number of particles per event may be produced. The hope is to discover one or several Higgs bosons or supersymmetric particles, which are typically expected to be quite heavy. The interest is also directed to the study of known massive particles like the W and Z bosons or the top quark. Since the production rates are large, a proper description of the cross-sections will typically include one-loop corrections to n-particle reactions, where some of the final state particles may be massive.
The Feynman integrals for reactions with up to four external particles have been systematically studied and evaluated in numerous studies. We just want to mention here the seminal papers [1] and [2] and the Fortran packages FF [3] and LoopTools [4] , which represent the state of the art until now. The treatment of Feynman integrals with a higher multiplicity than four becomes quite involved if questions of efficiency and stability become vital, as it happens with the calculational problems related to high-dimensional phase space integrals over sums of thousands of Feynman diagrams with internal loops.
In this article, we will concentrate on the evaluation of massive one-loop Feynman integrals with n external legs and some tensor structure,
where the denominators c j have indices ν j and chords q j ,
We will study in the following the cases n = 5 with R ≤ 3 and n = 6 with R ≤ 4, and we will conventionally assume q n = 0. The space-time dimension is d = 4 − 2ǫ.
There are several strategies one might follow. One is the reduction of higher-point tensor integrals to tensor integrals with less external lines and/or lower tensor rank [5, 6, 7, 8] ; a second approach is essentially numerical [9, 10] or semi-numerical [11, 12, 13] . A third one rests on the unitarity cut method [14, 15, 16, 17] . In this case, a one-loop amplitude is evaluated as a whole, by using Cutkosky rules, instead of computing loop integrals from each of the Feynman diagrams. It is impossible to give here a comprehensive survey of recent activities, and we would like to refer to e.g. [18, 19, 20, 21] for recent overviews on the subject.
Here, we will advocate yet another approach and reduce the tensor integrals algebraically to sums over a small set of scalar two-, three-and four-point functions, which we assume to be known. Whether such a complete reduction is competitive with the other approaches might be disputed. Evidently, this depends on the specific problem under investigation. For a study of gauge invariance and of the ultraviolet (UV) and infrared (IR) singularity structure of a set of Feynman diagrams, it is evident that a complete reduction is advantageous, and it may also be quite useful for a tuned, analytical study of certain regions of potential numerical instabilities.
We have chosen a strictly algebraic approach and will rely heavily on the algebra of signed minors which was worked out in detail by Melrose in [22] . One of the basic observations of Melrose was that in four dimensions all the scalar integrals can be reduced to scalar 4-point functions and simpler ones. In [23] , a representation of arbitrary one-loop tensor integrals in terms of scalar integrals was derived. The representation includes, however, scalar integrals with higher indices ν j and higher space-time dimensions d + 2l. The subsequent reduction to scalar integrals with only the original indices and the generic space-time dimension d is possible with the use of integration-by-parts identities [24] and generalizations of them with dimensional shifts. The latter have been derived in [25] , and a systematical application to one-loop integrals may be found in [26] . 1 Basically, the reduction problem has been solved this way for n-point functions. There was one attempt to use the Davydychev-Tarasov reduction for the description of one-loop contributions to the process e + e − → Hνν [27] , and the numerical problems due to the five-point functions were discussed in some detail. To a large extent they root in the appearance of inverse powers of Gram determinants. This feature of the Davydychev-Tarasov reduction was identified as disadvantageous soon after its derivation, e.g. in [28] , where a strategy for avoiding these problems was developed. Besides the problem of inverse powers of the Gram determinant of the corresponding Feynman diagram, there are additional kinematical singularities related to sub-diagrams. This will not be discussed here; we refer to e.g. [28, 29, 5, 6, 7, 8, 13, 17] and references therein.
In this article, we investigate the reduction of tensor integrals with five and six external legs which are of immediate importance in applications at the LHC. In Section 2 we represent tensor integrals by scalar integrals in shifted space-time dimensions with shifted indices. Section 3 and Section 4 contain our main result. In Section 3 we go one step further in the reduction of five-point tensors compared to [26] and demonstrate how to cancel all inverse powers of the Gram determinant appearing in the Davydychev-Tarasov reduction. Earlier results for tensors of rank two may be found in [30] . Section 4 contains the reduction of tensorial six-point functions to tensorial 5-point functions. The corresponding Gram determinant is identically zero [26, 6, 8] , and the reduction becomes quite compact. Some numerical results and a short discussion are given in Section 5. The numerics is obtained with two independent implementations, one made in Mathematica, and another one in Fortran. The Mathematica program hexagon.m with the reduction formulae is made publicly available [31] , see also [32] for a short description. For numerical applications, one has to link the package with a program for the evaluation of scalar one-to four-point functions, e.g. with LoopTools [4, 33, 3] , CutTools [34, 12] , QCDLoop [35] . Appendices are devoted to some known, but necessary details on Gram determinants and the algebra of signed minors and to a short summary about the reduction of dimensionally shifted four-and five-point integrals.
Representing tensor integrals by scalar integrals in shifted space-time dimensions
At first we give the reduction of tensor integrals to a set of scalar integrals for arbitrary n-point functions. Following [23, 26] , assuming here the indices of propagators to be equal to one, ν r = 1, one has:
1) 1 We will extensively quote from article [26] , so we introduce here the notation (I.num) for a reference to equation (num) there.
2)
3) 4) where [d+] is an operator shifting the space-time dimension by two units and 5) where [d+] l = 4 + 2l − 2ǫ (observe that p is the number of scalar propagators of the "p-point function" and that equal lower and upper indices cancel, p ≤ n). In (2.2-2.4), the coefficients n ij , n ijk and n ijkl were introduced. These stand for the product of factorials of the number of equal indices: e.g. n iiii = 4!, n ijii = 3!, n iijj = 2!2!, n ijkk = 2!, n ijkl = 1! (indices i, j, k, l all different from each other). Of particular relevance are the following relations for the successive application of recurrence relations to reduce higher dimensional integrals:
where
In the next step the integrals in higher dimension have to be reduced to integrals in generic dimension. Here particular attention has to be paid to I In this way we have cancelled the Gram determinant for the tensor of rank 2. For later reference, we note that, by taking into account (B.4), we can also write
(3.14)
R = 3 tensor integrals
The tensor integral of rank 3 can be written as:
We will now rewrite this into another representation, thereby avoiding Gram determinants () 5 in the denominators of the new tensor coefficients E ijk , E 00k : According to (2.3) we have with (3.6):
By means of recursion (B.1), taking into account (3.7) and keeping in mind to drop I
[d+] 5
, we have: Here the following "master formula" ( Equation (A.13) of [22] ) is of great help: Next we will use :
As trivial as this relation may look, it plays the crucial role of splitting off i k 5 in order to produce g µν terms. It might also have been written as:
but then it would not fulfill its purpose.
The first term at the rhs. of (3.28) cancels a () 5 , while the second term enters the g µν -terms, all of which are collected in (3.36). The complete coefficient of I s 4 in (3.16) is thus given by:
Finally we have to investigate the last line of (3.22), being left with the factor 0 k in the second term of (3.31) cancels and the remaining factor is antisymmetric in s and t, i.e. this term drops out after summation over s, t. Using again (3.28) and dropping for the time being the contribution to g µν terms, we finally write the coefficients of I st 3 and I stu 2 in the following way, taking care of the original (i ↔ j) symmetry in (3.22): 
At the end we can determine the g µν terms from the above by collecting all terms containing factors of the type i j
where the square bracket means symmetrization of the included indices,
and use has been made of (3.6) . Collecting all terms of type i j 5 in (3.22) we have: It turns out to be useful for the simplification of the coefficients of I st 3 and I stu 2 in (3.36). For the coefficient of I st 3 , we apply relation (3.37) with µ = 0. The last term on the r.h.s. of (3.37) is combined with the term on the third line of (3.36) using (3.31):
After summation over s and t, the last term on the r.h.s. will vanish. Furthermore we apply (3.24) taking τ = 0.
For the coefficient of I stu 2 in (3.36) we apply relation (3.37) with µ = u. Since I stu 2 is symmetric in s, t and u, we consider the sum over all permutations of any fixed set of values of s, t and u. We find that so that the two last terms on the r.h.s. of (3.37) can be dropped in this case. Thus we have: Collecting all contributions, our final result for the tensor of rank 3 can be written as: 
Hexagons
The 6-point function has the nice property that the tensors of rank R can be reduced to a sum of six 5-point tensors of rank R − 1. This property has also been derived in [5] ; an earlier demonstration of this property, however, has been given already in [26] . The simplification in this case is due to the fact that () 6 ≡ 0, which has extensively been discussed in [26] . Beyond that, in our approach, the above results for the 5-point tensors can be directly used, thus reducing the 6-point tensors of up to rank R = 4 to scalar 4-and 3-and 2-point integrals. Particularly simple results are thus obtained for the 6-point tensors using the results of Appendix A and Sections 3.1 and 3.2. What was missing in [26] is exactly this simplification, which comes with the cancellation of the Gram determinant () 5 ; see Appendix A of that paper.
Scalar and vector integrals
According to (I.33) we write (see [22] and also (I.55)): Here we see already the general scheme of reducing 6-point functions to 5-point functions: In general, in any signed minor (· · · ) 5 a further column r r is scratched, resulting in a (· · · ) 6 and in the scalar functions a further propagator is scratched. As in (3.3) and (3.4) , with the use of (I.57), we obtain: While in (3.4) the first part vanishes in the limit d → 4, here its disappearance is due to (I.61):
Indeed (4.5) will play a crucial role for the higher tensor reduction. The resulting form in (4.4) is already the generic form for the higher tensors too! Therefore it appears useful to introduce the vector, applying further (A.15) of [22] and (I.61):
summing over all 5 (dependent) vectors. v r projected on these vectors reads:
With this definition we can write in a compact way:
R = 2 tensor integrals
The equation (2.2) reads in this case:
and by using (I.59) we have: Writing it like in (3.5),
we obtain by using (3.4): 13) to be compared with (4.4). For completeness we specify E r i , which we read off from (3.4) to be: and finally:
We remark that due to (4.14), E r i = 0 for r = i and correspondingly this will be the case for all higher tensors such that limitations like r = i could be dropped but are convenient to keep in numerical programs.
R = 3 tensor integrals
Equation (2.3) reads in this case: 16) and with (I.60) we have:
The first term on the r.h.s. is eliminated due to (4.5) and the next two terms cancel due to (4.11).
Taking into account I
, relation (3.7) now reads:
I
[d+],r 5
.
As a further representation of g µν we have (see (I.75)):
r r so that we get: 
R = 4 tensor integrals
The tensor integral in (2.4) contains three different integrals in higher dimension, which have to be reduced or to be eliminated. We begin with I
[d+] 4 n,ijkl using (I.26). For convenience we use x instead of 4: Now adding corresponding terms in (4.27) and (4.28), e.g. for r = i, we get:
due to (I.29). In case two indices are equal, e.g. i = j = k, we have:
like (4.29), i.e. if two indices agree, this integral occurs only once. As final result we have:
where according to (4.29) and the discussion thereafter:
. Now, making use of n ijkl = ν ij ν ijk ν ijkl , we see that due to (4.5) the first part in (4.31) drops out after insertion into (2.4). The second contribution of (4.31) yields: We have: 
Using (I.67) we have for d = 4:
and we see that this contribution is canceled by the last three terms of the type I
[d+] (x−1) n,jk in (2.4). The first three terms of this type are evaluated by means of (I.59) to yield:
Inserting this into (2.4), the first part yields a vanishing contribution due to (4.5) . The second term yields, again due to (4.5): 38) which cancels the last term in (2.4) and the total contribution thus reads: With (4.19) it is now easy to see that the square bracket in (4.40) cancels out the second part in (4.39) and using the definition:
we obtain: 
Numerical results and discussion
In order to illustrate the numerical results which can be obtained with the described approach, we will evaluate a representative collection of tensor coefficients. We rely on two implementations of the formalism, one has been established in Fortran, and the other one in the Mathematica package hexagon.m.
In the following, we denote the scalar five-point function by E 0 and the scalar six-point function by F 0 . The tensor decompositions of pentagons E and hexagons F read:
3)
Please observe the difference of E 0 , F 0 and E 0 , F 0 in the following. The kinematics is visualized in Figure 5 .1. Deviating from the first sections, we have chosen here q 0 = 0 in order to stay close to common conventions of other numerical packages. For the evaluation of the scalar two-, three-and four-point functions, which appear after the complete reduction, we have implemented two numerical libraries:
• For massive internal particles: Looptools 2.2 [4, 33]; • If there are also massless internal particles: QCDLoop-1.4 [35] .
We observed that Looptools may become unstable in the presence of massless internal particles, while QCDLoop seems to be generally slower. Our Mathematica package has an implementation of only Looptools.
For completeness, we would like to mention also other publicly available Fortran packages for tensor functions, which we found useful for comparisons:
• Six-point tensors with massive internal particles: none;
• Five-point tensors with massive internal particles: Looptools [4, 33] ;
• Five-point tensors with both massive and massless particles: none;
• Five-and six-point tensors with only massless internal particles: golem95 [37] .
The two independent numerical implementations have been checked in several ways:
• By internal comparisons of the two codes, relying on the formulae presented in this article;
With alternative, direct representations of the tensor integrals with sector decomposition 3 [38] and Mellin-Barnes representations [39, 40] ;
• By simplifying the numerator structures algebraically and subsequent evaluation of the resulting integrals of lower rank;
• By direct comparison with other tensor integral packages [33, 37] .
Some of the comparisons were documented in [32] . 3 We used a Mathematica interface to the GINAC package sector decomposition in order to have a convenient way to evaluate tensor Feynman integrals.
We restrict ourselves to a few phase-space points, see Tables 5.1 to 5. 3. The first configuration corresponds to the reaction gg → ttqq, with external momenta generated by Madgraph [41, 42] . The second configuration comes from [37] , while the third is a slight modification of the first one. The kinematical input is completed by adding the masses of internal particles.
We begin with massive six-point tensors. For the kinematics introduced above, we determine the tensor components with our Fortran pacakge as shown in Tables 5.4 to 5.6. They are complex, finite numbers. Only independent components of the tensors are shown, all the remaining ones are obtained by permutations of indices.
Selected tensor coefficients of five-point tensors for the case of massive internal particles are shown in Table 5 .7. 4 The coefficients have been compared with LoopTools 2.2 and indeed we agree. For the massive six-point functions, there is no alternative package publicly available.
In presence of massless internal particles, we face potential infrared singularities. Then, the loop functions are Laurent series in ǫ, starting with a term proportional to 1 ǫ 2 , and one has to care about re-normalizations compared to our basic definition 1.1. A popular measure is [35, 37] :
When discussing Feynman integrals with a dependence on inverse powers of ǫ there appears a dependence of their constant terms on these conventions. For convenience of the reader, the tables are produced with a normalization as introduced in Equation 5.8, with the choice µ = 1.
For the case of six-point and five-point functions with only massless internal particles, we show only a few sample coefficients in Table 5.9 and Table 5 .8, which are produced with our Fortran package. The phase space point chosen here is defined in Table 5 .2. We checked that, within double precision, we completely agree with corresponding numbers produced with golem95.
Finally, to complete the list of relevant results, we show also sample tensor coefficients for the case of both massive and massless internal particles, for five-point tensors in Table 5 .10 and for six-point tensors in Table 5 .11. For this case with mixed internal masses, there is no other publicly released code available. 4 Please notice that we show here five-point tensor coefficients, while in the case of six-point tensors we have shown tensor components. The tensor components are representation independent and should be preferred as numerical output. For the five-point tensors with massive internal particles, however, we have arranged for a one-to-one correspondence with output of LoopTools 2.2, so it might be interesting to have, in this case, the tensor coefficients instead. Table 5 .2: The external four-momenta for the six-point numerics; all internal particles are massless. This set of momenta comes from [37] . For five-point functions, we shrink line 2 and fix p 1 + p 2 → p 1 in order to retain momentum conservation.
To summarize, we have presented in this article tensor integrals of rank R ≤ 3 for five-point functions and of rank R ≤ 4 for six-point functions. This is sufficient for the calculation of e.g. four fermion production at the LHC with NLO QCD corrections.
There are further reactions of interest which will need higher-point functions and higher ranks of five-and six-point functions. The details of their reductions have been left for a later investigation. Table 5 .10: Selected tensor components of five-point tensor functions with both massive and massless internal particles; kinematics defined in Table 5 .3. Table 5 .11: Selected tensor components of six-point tensor functions with both massive and massless internal particles; kinematics defined in Table 5 .3.
A. Gram determinants and algebra of signed minors
In this section relations are derived, which will turn out to be indispensable in our tensor reductions. We begin with some notational remarks on Gram determinants G n−1 , G n−1 = |2q j q k |, j, k = 1, · · · , n − 1.
(A.1)
The modified Cayley determinant of a diagram with n internal lines with chords q j is: From our choice q n = 0, it follows that both determinants are related:
and we will usually call () n the Gram determinant of the Feynman integral. Signed minors [22] are determinants (with a sign convention) which are obtained by excluding rows and columns from the modified Cayley determinant () n . They are denoted by the symbol We now will derive two relations between signed minors. Let us introduce is UV-and IR-finite. Beyond that, as it is done frequently [8] , I
[d+] 4
can be used as well as a "master integral" (see e.g. (3.14)) without reduction to the generic dimension.
